Given a complex analytic manifold X, we introduce the notion of a filtered differential graded module (FDGM) over the analytic de Rham complex of X. The L 2 complex of a singular submanifold of X is such FDGM. We establish an equivalence between the derived category of such FDGM, and the filtered derived category of D X -modules. We introduce the properties of filtered constructibility and filtered perversity of a FDGM, and show that they imply that the corresponding complex of filtered D X -modules is isomorphic in the filtered derived category to a single filtered D X -module.
1. Introduction 1.1. Cheeger-Goresky-MacPherson conjectures. J. Cheeger, M. Goresky and R. MacPherson [CGM] conjectured some fifteen years ago that the intersection cohomology of a singular complex projective algebraic variety is naturally isomorphic to its L 2 cohomology and the Kähler package holds for them. Their motivation was as follows.
The intersection cohomology was discovered by M. Goresky and R. MacPherson [GM1] , [GM2] as an invariant of stratified spaces which for complex algebraic varieties might serve as a replacement of the usual cohomology: it had some properties that the usual cohomology of smooth projective varieties possessed but the usual cohomology of singular projective varieties did not. One of such properties was Poincaré duality which is a part of the "Kähler package" of properties that hold in the smooth case.
At the same time, J. Cheeger discovered that the L 2 cohomology groups of varieties with conical singularities have properties similar to those of intersection cohomology, and he proved in this case the Hodge-de Rham isomorphism between the L 2 cohomology that he defined and studied, and the intersection cohomology [C] .
The hope that underlied these conjectures was that it would be possible to use the L 2 Kähler methods to prove the Kähler package for intersection cohomology similarly to the way the Kähler package was proved for the usual cohomology of complex projective manifolds.
The most important part of the Kähler package is the (p, q)-decomposition in the cohomology groups (the "Hodge structure").
The definition of L 2 cohomology involves a metric (Riemannian or Kähler) defined almost everywhere on the variety (e.g. on its nonsingular part). The most important metric comes from a projective embedding of the variety and is induced by the Fubini-Studi metric on the projective space. (The L 2 cohomology is independent of the choice of the imbedding.)
The isomorphism with intersection cohomology is known in case of surfaces [HP] , [N1] and in case of isolated singularities of any dimension both for Fubini-Studi metric [O2] , [O3] and for a different, complete metric, introduced by L. Saper, which is defined on the nonsingular part of the variety and blows up near the singularities [Sap] . The (p, q)decomposition is known for the case of Fubini-Studi metrics only in cases of dimension two [N2] (except for the cohomology groups of the middle-degree) while a classical result of Andreotti-Vesentini implies the (p, q)-decomposition for any complete metric.
The general case is still open, despite the announcement of T. Ohsawa [O4] . However, the second-named author believes on the basis of extensive conversations with T. Ohsawa that it will be settled soon.
In the meantime M. Saito [S1] , [S2] developed a theory of polarizable Hodge modules which implied the Kähler package for the intersection cohomology. His main tool was the theory of D-modules and his methods were essentially algebraic, reducing the intersection cohomology to the cohomology of certain nonsingular varieties for which the Kähler package is known.
1.2. The comparison between the Hodge structures, globally and locally. Assuming that the Cheeger-Goresky-Macpherson conjectures are true, one is faced with the question of comparison between the two Hodge structures on the intersection cohomology: one induced by the isomorphism with L 2 cohomology, the other arising from the work of M. Saito. In fact, different metrics give different L 2 cohomology theories and hence, pose different comparison problems.
In case of isolated singularities, S. Zucker [Z] proved the coincidence between the Hodge structures coming from polarized Hodge modules and from L 2 cohomology with respect to Saper metric (or arithmetic quotient metrics similar to it). Some partial results are also known in case of Fubini-Studi metric, see [Z] and [N2] .
It is interesting to note that the original purpose of the conjectures was to construct the Hodge structure on the intersection cohomology; however, the L 2 methods turned out to be so difficult that the Hodge structure was constructed by different, algebraic methods and now we are faced with the problem of comparison between the two Hodge structures.
A polarizable Hodge module of M. Saito is a local object which can be defined on any variety, not necessarily projective, and in case of a projective variety its global cohomology is isomorphic to the intersection cohomology and has a natural Hodge structure.
The L 2 complex is also an object of local nature, and the problem of global comparison stated above admits a "local" refinement. Technically, both the L 2 complex and the Hodge module give rise to filtered complexes of sheaves and the problem of comparison may be formulated as the problem of constructing an isomorphism between the two in a suitable (filtered derived) category.
The intersection cohomology can be taken with coefficients in a local system defined on the top-dimensional stratum (the non-singular part of a complex algebraic variety or a Zariski-open subset of it). If this local system underlies a polarized variation of Hodge structures then a corresponding polarized Hodge module can be constructed and the intersection cohomology with coefficients in this local system has a Hodge structure. On the other hand, the L 2 cohomology can be taken with coefficients in the same polarized variation, and we can ask all the same questions: about the isomorphism between intersection cohomology and L 2 cohomology, and the comparison between the Hodge structures.
1.3. The axiomatic description of L 2 complexes. In this paper we attempt at creating an axiomatic framework into which the L 2 complexes would naturally fit in and, on the other hand, which would be equivalent to the axioms of the polarized Hodge modules.
The first ingredient in this framework comes from the following simple observation. Suppose Y is a singular variety embedded in a smooth Kähler manifold X. Then any analytic differential form ω on X has bounded pointwise norm with respect to the Kähler metric; hence, an exterior product of ω| Y and any L 2 form on Y is an L 2 form on Y . In other words, the complex of all L 2 forms on Y (such forms that are L 2 together with their differentials with respect to the restriction of the Kähler metric onto Y ) is a module over the analytic de Rham complex of X.
We shall denote the analytic de Rham complex of X by Ω • X ; it is a differential graded algebra (DGA), and the L 2 complex is a differential graded module (DGM) over this DGA. In addition, the L 2 complex has the Hodge filtration which makes it a filtered complex; this filtration agrees with the Hodge filtration on Ω • X (which is the same as the "filtration bête") so that this filtered complex becomes a filtered DGM (FDGM) over Ω • X which is a filtered DGA (FDGA). (More precisely, Ω • X is a sheaf of FDGA and the L 2 complex is a sheaf of FDGM over it.)
So the first property in the axiomatic description of the L 2 complex is that it is a FDGM over Ω • X . This is an easy part of the axiomatic description; in order to introduce the more diffucult part, we need to become more specific in the correspondence between FDGM over Ω • X and polarizable Hodge modules.
The main ingredient of a polarizable Hodge module is a coherent holonomic regular D-module (a module over the sheaf D X of algebras of differential operators on X) with a good filtration; as a Dmodule, it is a minimal extension of the local system, and the filtration is characterized by a rather subtle property of its relationship to the Malgrange-Kashiwara filtration and the possibility of taking vanishing cycles (see [S1] ).
The de Rham complex of this D-module with a good filtration is a FDGM over Ω • X . This creates a natural setting for the comparison between the L 2 complex and the polarizable Hodge module: the Koszul duality between filtered modules over the sheaf D X of filtered algebras of differential operators, and FDGM over Ω • X . This duality leads to the equivalence between the filtered derived category of FDGM over Ω • X and the filtered derived category of D-modules which we call the filtered de Rham correspondence. Under this correspondence, a FDGM over Ω • X , corresponds to a filtered complex of D-modules. M. Saito [S1], §2.2 used a similar correspondence (and an equivalence of filtered derived categories) between filtered complexes of D-modules and filtered complexes of O X -modules with differentials being differential operators. (By O X we denote the sheaf of analytic functions on X.) Our approach is based on the ideas of M. Kapranov [K] who studied the non-filtered case.
The full axiomatic description of the L 2 complex should consist of such properties of it as a FDGM over Ω • X that would assure that the corresponding object "on the other side" of the filtered de Rham correspondence, a filtered complex of D-modules, is precisely a polarized Hodge module. This means the following:
• This filtered complex is isomorphic in the filtered derived category to one filtered D-module. • This D-module is D-coherent and its filtration is good.
• This D-module is holonomic, regular and isomorphic to the minimal extension of a local system which is defined on a Zariski-open subset (and which underlies the polarizable variation of Hodge structures in question). • The filtration on this D-module coincides with the filtration of the unique Hodge module which extends the variation in question according to [S2] . • The polarization of the variation extends to a polarization of the filtered D-module.
1.4. The main results. In this paper we make a step towards this goal and introduce two properties, which we call filtered constructibility and filtered perversity. Filtered constructibility means that there is a stratification such that the FDGM over Ω • X is locally trivial along each stratum in a certain very strong sense.
Filtered perversity of an L 2 complex is a statement of vanishing of certain local L 2 -∂-cohomology of its restrictions to the slices normal to the strata; this vanishing is similar to the vanishings of L 2 -∂cohomology of [O1] and [O4] .
In a subsequent paper we shall study the property of filtered constructibility, both for the FDGM which corresponds to a Hodge module (i.e., its de Rham complex) and for the L 2 complexes. The property of filtered perversity for the L 2 complexes has already appeared in some cases in [O1] and [O4] but is not known in general. In a subsequent paper we shall establish it for the FDGM that corresponds to a Hodge module.
Here we prove:
Theorem A. (see Theorem 7.1.1) The filtered complex of D-modules that corresponds to a FDGM over Ω • X which is filtered constructible and filtered perverse, is isomorphic in the filtered derived category to a single filtered D-module.
Note that we do not make any kind of coherence assumptions on the FDGM.
This theorem may be viewed as a filtered analog of the fact that the de Rham complex of a (holonomic) D-module is a perverse sheaf; however, this statement is quite delicate as it means not only that the complex of D-modules is acyclic in all degrees but one but also the same statement for each term of the filtration (the terms of the filtration are subcomplexes of O X -modules).
The property of coherence of the filtered D-module that corresponds to a FDGM over Ω • X will be treated in a future paper. Here, however, we show (see Proposition 4.6.1) that the coherence of what we call L 2 -∂-cohomology sheaves (see §2.5) implies that the corresponding filtered D-module is coherent and its filtration is good.
We study here the property of holonomicity of this D-module. We show (see §6.8) that filtered constructibility of a FDGM over Ω • X together with coherence implies that the corresponding D-module is holonomic.
1.5. Plan of the paper. Sections 2 and 3 contain the necessary background matierial on FDGM and filtered D-modules. All of it is wellknown except possibly the symbol sequence in §2.6.
In Section 4 we prove the filtered de Rham correspondence.
In Section 5 we define and study the inverse image of FDGM over the de Rham complex.
In Section 6 we introduce the properties of filtered constructibility and filtered perversity.
In Section 7 we formulate and prove Theorem A (Theorem 7.1.1).
In Section 8 we give a modest application: we strengthen the results of [KK2] and [S1] and show (in the assumptions of [KK2] ) the local filtered isomorphism (in the sense of derived category) between the L 2 complex and the de Rham complex of the D-module that underlies the pure Hodge module of M. Saito.
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Filtered differential graded modules over the de Rham complex
In this section we introduce the filtered derived category of filtered differential graded modules (FDGM) over the (analytic) de Rham complex equipped with the usual Hodge filtration considered as a filtered differential graded algebra (FDGA). We define the notions of ∂-cohomology, the symbol sequence, and the characteristic variety of a FDGM.
Throughout this section X will denote a complex manifold.
2.1. The de Rham complex as a FDGA.
2.1.1. The de Rham complex is the exterior algebra • Ω 1 X graded in the usual way (with Ω p = p Ω 1 X placed in degree p) together with the operator d of exterior differentialtion and a decreasing filtration F • (the Hodge filtration):
It satisfies
and this means that it is a FDGA; we shall denote it by Ω • X . 2.1.2. The associated graded DGA gr • F Ω • X is simply graded, gr q F Ω • X = Ω q X , and its differential is trivial.
To simplify notations we will frequently write d for d M and omit the reference to the differential, the filtration or both.
A morphism of FDGM over Ω • X is a filtered map of underlying complexes which is O X -linear in each degree. The formula
(2.1)
shows that such a map commutes with the action of Ω 1 X and therefore
, is a complex of O X -modules filtered by O X -submodules whose differentials are differential operators of order one. The associated graded module gr • F M • is a DGM over the DGA gr • F Ω • X and the latter, as was noted above, has trivial differential. Consequently the induced differential on gr • F M • is gr • F Ω • X -linear, and in particular, O X -linear. We shall denote this differential by ∂ M or simply ∂.
Conversely, we have the following result which is due to Herrera-Lieberman [HL] in the non-filtered case. (We found out about it from [K] .)
be a complex of O X -modules and differential operators of order one, and let F • be a filtration on it which is a filtration by O X -submodules and which satisfies
X with the action of Ω 1 X being defined by the formula (2.1).
Proof. We follow a more direct route than [HL] .
We shall denote the operator of multiplication by an analytic function f acting on M • also by f .
As d is a differential operator of order one, it implies that the com-
for any germs of analytic functions f and g. This means that
According to (2.1), the action of df on M • must be defined by [d, f ] = d · f − f d; the first thing we need to establish, is that this correctly defines the action of Ω 1 X , i.e., that the action of d(f g) coincides with the action of f (dg) + g(df ). In other words, we need to show that
]; a direct calculation shows that it follows from (2.2) .
We need to show that this action of Ω 1 X extends to the action of the entire algebra Ω • X , i.e., that the actions of df and dg anticommute. We shall denote by [•, •] 
There is a graded Jacobi identity which in our case implies that
Here the last term vanishes as we have seen above that [df, g] = 0. The term [[df, d] , g] also vanishes as [df, d] 
Hence, the anticommutator [df, dg] always vanishes, and the action extends to Ω • X . Finally, the condition (b) of the Lemma implies that if m is a germ of sections of F p M • and f a germ of analytic functions then df ∧ m lies in F p+1 M • . Hence, the filtration agrees with the DGM structure. Definition 2.2.3. Let DGMF(Ω • X ) denote the category whose objects are FDGM over Ω • X which are bounded complexes and whose filtration satisfies 1.
In what follows we will only be considering FDGM satisfying the above conditions. 2.3. The filtered derived category of FDGM.
X -modules (so that h does commute with the actions of Ω 1 X but not necessarily with the differentials) and which satisfies
Note that the right hand side of the latter expression is a morphism in DGMF(Ω • X ) for any h as above. The nullhomotopic morphisms form a twosided ideal. Let Hot DGMF(Ω • X ) denote the corresponding homotopy category. It has the same objects as DGMF(Ω • X ), while the morphisms are the morphisms in DGMF(Ω • X ) modulo the nullhomotopic ones.
The translation functor, the cone of a morphism of FDGM and the standard triangles in DGMF(Ω • X ) are defined in the same way as for complexes. The standard argument shows that with these notions Hot DGMF(Ω • X ) is a triangulated category. 2.3.1. Let DF(Ω • X ) denote the localization of Hot DGMF(Ω • X ) with respect to filtered quasi-isomorphisms (i.e. morphisms of FDGM which induce quasi-isomorphisms of the associated graded objects). This category has a natural structure of a triangulated category; we will refer to it as the filtered derived category of FDGM over the de Rham complex.
2.3.2. Remarks. P. Du Bois [DB] considered filtered complexes of O Xmodules and differential operators of order one, with the same properties as in Lemma 2.2.2. He defined a filtered derived category of such complexes -let us denote it by DF ′ (Ω • X ) -using all O X -linear homotopies as opposed to only Ω • X -linear ones as we do. M. Saito [S1] considered filtered complexes of O X -modules and differential operators of any order, and defined a derived category -let us denote it by DF ′′ (Ω • X ) -using homotopies of any order. There are natural functors
. Remark 2.2.11 of [S1] explains that the functor A 2 is essentially surjective and leaves open the question whether it is faithful.
We show here that both A 1 and A 2 are equvalences of categories.
Indeed, the de Rham functor and its inverse yield an equivalence between the filtered derived category of D-modules and DF ′′ (Ω • X ) ([S1], 2.2); similar functors yield an equivalence between the filtered derived category of D-modules and DF(Ω • X ) (see Section 4 below). These functors commute with the composition A 2 A 1 ; hence, A 2 A 1 is an equivalence of categories, and in particular, A 1 is faithful.
On the other hand, from the construction of the categories DF(Ω • X ) and DF ′ (Ω • X ) it follows immediately that their objects are the same and the functor A 1 is full. (In fact, the constructions of these two derived categories are completely similar with the only difference being that DF ′ (Ω • X ) is constructed using more homotopies than DF(Ω • X ).) It follows that A 1 is an equivalence of categories, and hence, A 2 is too.
2.5. ∂-cohomology.
2.5.1. Consider the spectral sequence of a FDGM M • . Its E 0 -term is the associated graded gr • F M • which we have already considered above in 2.2.1; we have denoted its differential d 0 by ∂ M or ∂. We shall call the complex (gr • F M • , ∂ M ) the ∂-complex of the FDGM M • . We will call the E 1 -term of this spectral sequence, namely the cohomology of the ∂-complex, the ∂-cohomology and denote it by
We will frequently consider the ∂-cohomology as simply graded and
which, as was noted above, has trivial differential. Consequently ∂ is
2.6. The symbol sequence and the characteristic variety of a FDGM. Let π : T * X → X denote the cotangent bundle of X, and let ∆ denote the canonical 1-form on it; it is actually a section of the subsheaf π * Ω 1 X of Ω 1 T * X .
. Let ∂ denote its differential. As ∆ is a section of π * Ω 1 X , it acts on π * gr • F M • and this action anticommutes with ∂. Since ∆ ∧ ∆ = 0 this action defines another differential on π * gr
With respect to the natural bigrading on π * gr • F M • (so that π * gr p F M √+∐ has bidegree (p, q)) the differentials ∂ and ∆ have bidegrees (0, 1) and (1, 0) respectively. Definition 2.6.1. We will call the total complex of the bicomplex (π * gr • F M • , ∂ M , ∆) the symbol sequence of the FDGM M • and will denote it by σM • .
The above construction is natural with respect to the morphisms of FDGM and extends to a functor from DGMF(Ω • X ) to the category of complexes of O T * X -modules.
2.6.2. We shall denote by G • the filtration on σM • given by
The differential preserves this filtration, and the corresponding spectral
It converges to the cohomology of the symbol sequence.
Clearly this spectral sequence is natural with respect to the morphisms of FDGM. Since a filtered quasi-isomorphism of DGMF induces an isomorphism of the E 1 -terms of respective spectral sequences we have:
denotes the derived category of sheaves of (not necessarily coherent) O T * X -modules on T * X.
Definition 2.6.4. We will call the cohomological support of σM • the characteristic variety of the FDGM M • and denote it by SS(M • ).
Clearly it is a conical subset of T * X. It follows from Corollary 2.6.3 that isomorphic objects in DF(Ω • X ) have the same characteristic variety. Definition 2.6.5. We say that ( Example 2.6.6. Suppose that S is a submanifold of X. Then Ω • S has a natural structure of a FDGM over Ω
This far we considered only left Ω • X -modules. The FDGA Ω • X is not commutative, and so the tensor product of two left Ω • X -modules is not defined; however, Ω • X is anticommutative, and hence the categories of the left and right FDGM are equivalent. The equivalence is given by the two functors acting in the following way. If (M • , ⌈ M ) is a left DGM over Ω • X then we can define a structure of a right DGM on it by the formula
there is an inverse functor defined similarly.
2.7.1. Warning: These functors do not commute with the shift of complexes so they do not yield functors between homotopy or derived categories.
2.7.2. The tensor product M ∞ ⊗ Ω • X M ∈ of two left Ω • X -modules can be defined either by making one of them a right module and then taking a tensor product, or equivalently, the stalk of the sheaf M ∞ ⊗ Ω • X M ∈ at any point can be defined as a group generated by m 1 ⊗ m 2 with m 1 and m 2 running through all germs of sections of M ∞ and M ∈ respectively, with the relations
where ω, m 1 and m 2 are germs of sections of Ω • X , M ∞ and M ∈ respectively. This tensor product naturally becomes a FDGM over Ω
and the filtration by
so that the tensor product also becomes a FDGM over Ω • X .
Filtered D X -modules
In this section we give a brief description of the filtered derived category of D-modules [S1] and recall the definition of the characteristic variety of a coherent D-module and the definition of holonomicity. We refer the reader to [S1] for details.
3.1. The filtered derived category.
3.1.1. For a complex manifold X we denote by D X the sheaf of rings of differential operators on it (i.e. D X = Diff(O X , O X )). The sheaf of rings of D X carries a natural increasing filtration F • D X with F q D X = D ≤∐ X being the O X -submodule of operators of order at most q. Equipped with this filtration, D X is a filtered ring, i.e. the multiplication map is filtered:
is the cotangent bundle to X as before) consisting of functions polynomial along the fibers.
for sufficiently small q locally on X.
3.1.3. Let KF(D X ) denote the category of bounded complexes over MF(D X ). Considering the morphisms in KF(D X ) modulo the ones which are nullhomotopic we obtain the corresponding homotopy category of complexes over MF(D X ) which we denote by Hot KF(D X ). The filtered derived category of D X -modules is obtained as the localization of Hot KF(D X ) with respect to the filtered quasi-isomorphisms, i.e. filtered maps of complexes which induce quasi-isomorphisms on the associated graded objects. The resulting category, which we denote by DF(D X ), has a natural structure of a triangulated category.
3.2.
Good filtrations and holonomicity.
If M is coherent and F • is a good filtration on M (one always exists, at least locally), then the characteristic variety of M (sometimes also called singular support) SS(M) is defined by
it is a conical subvariety of T * X independent of the choice of the good filtration. 3.2.4. By a theorem of O. Gabber and M. Kasiwara SS(M) is always involutive (with respect to the canonical symplectic structure on T * X). M is said to be holonomic when SS(M) is Lagrangian. A conic Lagrangian subvariety of T * X is always a union of closures of conormal bundles to strata of a stratification of X.
The filtered de Rham correspondence
In this section we define functors between the categories of FDGM over the de Rham complex and complexes of filtered D X -modules and show that they give rise to an equivalence of filtered derived categories.
We shall denote by Θ X the tangent sheaf of X.
4.1. Koszul complexes.
4.1.1. Let (K • , F • ) denote the filtered complex (F • being an increasing filtration) defined by
It is easily checked that the differential preserves the filtration.
4.1.2. The complex (K • , F • ) has a natural structure of a filtered complex of left D X -modules (i.e. a FDGM over D X considered as a FDGA concentrated in degree zero) with the action of D X by multiplication on the left. The differential is D X -linear since multiplication on the left commutes with multiplication on the right. The complex (K • , F • ) is evidently a complex of O X -modules and differential operators with the action of O X given by f (P ⊗ξ 1 ∧. . .∧ξ p ) = P f ⊗ ξ 1 ∧ . . . ∧ ξ p . The induced differential on gr F • K • involves only the first summand in (4.1) and hence is O X -linear. Therefore (K • , F • ) has a natural structure of a FDGM over Ω • X (with an increasing filration as in 2.4).
The action of Ω 1 X is given explicitly as follows: if α is a 1-form on X then
The left D X action and the left Ω • X action clearly commute thus making ( 
The left action of D X = Diff(O X , O X ) is given by the composition at the target, the differential is given by the composition with the differential on Ω • X , and the filtration is obtained as the convolution of the filtration by the order of differential operators with the filtration on Ω • X .
4.1.4. The structure sheaf O X has the usual structure of a filtered left D X -module so that O X ∼ = D X /D X Θ X , and a natural structure of a left FDGM over Ω
to the ideal generated by Ω 1 X ). Note that these two left actions do not commute so O X is not a D X -Ω • X -FDG-bimodule. 4.1.5. There is an augmentation morphism
which vanishes on K <0 and maps K 0 ∼ = D X to D X /D X Θ X ∼ = O X in the obvious way. It is a morphism of complexes of filtered D X -modules, on one hand, and of FDGM over Ω • X , on the other. The map gr F
induced by (4.2) is the standard Koszul resolution of O X and is well known to be a quasi-isomorphism. We summarize this in the following lemma.
Lemma 4.1.1. The map (4.2) is a filtered quasi-isomorphism of complexes of filtered D X -modules and of FDGM over Ω • X . 4.1.6. Let (L • , F • ) denote the filtered complex defined by
in local coordinates z 1 , . . . , z n on X. The filtration is defined by
4.1.7. The complex (L • , F • ) has the evident structure of a Ω • X -D X -FDG-bimodule with Ω • X acting by multiplication on the left and D X acting by multiplication on the right.
X , or equivalently, of differential operators with coefficients in Ω • X . The right action of D X = Diff(O X , O X ) is given by the composition at the source, the differential is given by the composition with the differential on Ω • X , and the filtration is obtained as the convolution of the filtration by the order of differential operators with the filtration on Ω • X . It follows that the differential (4.4) is independent of the choice of the local coordinates z 1 , . . . , z n . 4.1.9. The canonical sheaf ω X = Ω dim X X has a natural structure of a right D X -module with Θ X acting by (the negative of) the Lie deriviative, and a structure of a Ω • X -module with F 1 Ω • X acting trivially. The filtration F • on ω X is determined by gr q F ω X = 0 for q = − dim X. The two actions do not commute and so ω X is not a Ω • X -D X -FDG-bimodule. 4.1.10. There is an augmentation morphism
with the only nontrivial component given by the action
It is a morphism of complexes of filtered right D X -modules and of FDGM over Ω
induced by (4.5), is the standard Koszul resolution of ω X and is well known to be a quasi-isomorphism. We summarize this in the following lemma.
Lemma 4.1.2. The map (4.5) is a filtered quasi-isomorphism of complexes of filtered right D X -modules and of FDGM over Ω • X . 4.1.11. Recall that for a left D X -module M, the O X -module M ⊗ O X ω X has a canonical structure of a right D X -module. The action of Θ X is defined by
where L ξ denotes the Lie deriviative with respect to the vector field ξ. It is easy to check that this action extends to a structure of a right D X -module.
Proof.
As Ω • X -modules, both complexes are free, generated by their degree zero components. Therefore the map (4.7) is determined by its action in degree zero which is the natural isomorphism
Further details are left to the reader. 4.1.13. Consider the complex ( 
with the tensor product of Ω • X -modules understood as in 2.7. As a complex of D X -D Xbimodules it is isomorphic to the complex D X ⊗ O X −• Θ ⊗ O X D X with the differential given by the formula
with the only nontrivial component being in degree zero and given by the multiplication
The map .8) is the standard Koszul resolution of the diagonal and is well known to be a quasi-isomorphism. We summarize this in the following lemma.
Lemma 4.1.4. The map (4.8) is a filtered quasi-isomoprhism of complexes of D X -D X -bimodules.
is a graded algebra with the product being the composition of operators.
The filtration
Let d denote the operator of exterior differentiation.
which associates to a form ω the operator (of order zero) of multiplication by ω, is a morphism of FDGA.
This implies that Diff • (Ω • X , Ω • X ) has a structure of a FDGA over Ω • X ; in particular, it has two structures of Ω • X -module, the right one and the left one, thus being a Ω
. Hence, the morphism (4.9) can be written as
is a morphism of left FDGM over Ω • X and provides a right inverse to (4.9). It is easily identified with the map
Lemma 4.1.5. The map (4.11) is a filtered quasi-isomorphism.
Proof. Consider the map
induced by (4.11). It is not hard to see that both the source and the target of the latter represent ω X ⊗ L gr F
Corollary 4.1.6. The maps (4.9) and (4.10) are filtered quasi-isomorphisms of Ω • X -Ω • X -bimodules. 4.1.19. The maps (4.10) and (4.8) induce the maps
which, after identifications as in 4.1.8 and 4.1.17 correspond to the maps
Clearly, these maps give the identity map on (L • , F • ) after composition. 4.1.20. Similarly, the maps (4.10) and (4.8) induce maps
whose composition is easily checked to be the identity map on (K • , F • ).
4.2.
De Rham functor and its inverse.
For an object (M
has a natural structure of a FDGM over Ω • X and is easily seen to be an object of DGMF(Ω
which has a natural structure of a FDGM over Ω • X . The action of Ω 1 X is given by
This is the usual functor of taking the de Rham complex of a Dmodule.
4.2.2.
It is easy to see that the functor DR maps nullhomotopic morphisms in KF(D X ) to nullhomotopic morphisms in DGMF(Ω • X ) and therefore induces the functor
between the respective homotopy categories. Clearly DR maps distinguished triangles to distinguished triangles. 
has a natural structure of a filtered complex of right D Xmodules and is easily seen to be an object of KF(D X ).
Explicitly, for (M • , F • ) as above
in the local coordinates z 1 , . . . ,z n on X. Equivalently, DR −1 (M • , F • ) can be described as
This is the inverse de Rham functor of M. Kapranov [K] and it is equivalent to the inverse de Rham functor of M. Saito [S1], 2.2. 4.2.5. It is easy to see that the functor DR −1 maps nullhomotpic morphisms in DGMF(Ω • X ) to nullhomotopic morphisms in KF(D X ) and therefore induces the functor DR −1 : Hot DGMF(Ω • X ) → Hot KF(D X ). between the respective homotopy categories; it is exact. 4.3. The filtration G • . We will now introduce a filtration on gr F • DR −1 (M • , F • ) which will be used extensively in the study of the properties of the latter, in particular, to show that DR −1 transforms filtered quasiisomorphisms into filtered quasi-isomorphisms, and hence, induces a functor between the derived categories.
with the differential ∂ ⊗ 1 + i dz i ⊗ ∂ ∂z i similar to (4.12). Note that the differential is gr F • D X -linear.
We define the filtration G
Then gr q G DR −1 (M • , F • ) = gr ∐ F M • ⊗ D X and the induced differential is ∂ ⊗ 1.
We shall denote the filtration induced by
The E 1 -term is given by 
are identity. This shows that DR and DR −1 are adjoint functors between KF(D X ) and DGMF(Ω • X ) and the respective homotopy and derived categories (see [ML] , Theorem 2 of Section 1, Chapter IV). 4.5.3. Since the maps (4.8) and (4.10) are filtered quasi-isomorphisms, the natural transformations ǫ and η of functors on derived categories DF(D X ) and DF(Ω • X ) are in fact natural equivalences. We summarize this in the following proposition (the terminology is that of [ML] , Section 4, Chapter IV).
Proposition 4.5.1. The functors DR and DR −1 form an adjoint equivalence of categories DF(Ω • X ) and DF(D X ). 4.6. Coherence. The functor DR −1 preserves the property of coherence in the following sense.
Proof. The spectral sequence associated with the filtration G • on gr F
are D X -coherent and the induced filtration on them is good. 4.7. The characteristic variety. Here we show that the functor DR −1 does not increase the characteristic variety.
Let π : T * X → X denote the projection of the cotangent bundle. If C • is a filtered complex, we shall denote by E r (C • ) the r-th term in the spectral sequence accociated to it.
For an object (M • , F • ) of DGMF(Ω • X ) there is a natural isomorphism of filtered complexes
with G • σM • as in 2.6.2.
We have already noted in 4.3.3 that the spectral sequence of the filtered complex gr F
means of (4.14) and (4.15) the localized spectral sequence of gr F
Proof. The first statement follows from the identification of spectral sequences above and the fact that gr F
. The second statement follows from the first and the Proposition 4.6.1.
Inverse images of FDGM over the de Rham complex
In what follows f : X ′ → X will denote a holomorphic map of complex manifolds. Let dim f = dim X ′ − dim X.
5.1.
Inverse images of filtered D-modules. We define the relative canonical sheaf, as usual, by
Here ω X and ω X ′ are equipped with the usual filtrations as in 4.1.9.) Let
it is a filtered left module over f −1 D X and a filtered right module over D X ′ .
Definition 5.1.1. Let (M • , F • ) be a filtered complex of D X -modules.
Its inverse image under f is defined as
There is a natural isomorphism in the filtered derived category of O X ′ -modules 
. Clearly, the inverse image induces a functor f + : DF(Ω • X ) → DF(Ω • X ′ ).
5.3.
The ∂-complex of the inverse image.
Proposition 5.3.1. There is an isomorphism in the derived category
Proof. Any map factors into a closed embedding followed by an open embedding followed by a projection onto a direct factor. Hence, it is sufficient to establish the statement for maps of these three types.
For f an open embedding the lemma is obviously true and for f a projection onto a direct factor it is easy and left to the reader. We will deal with the remaining possibility, so we assume for the remainder of the proof that f : X ′ ֒→ X is the inclusion of a smooth closed subvariety of codimension c.
Then there are evident isomorphisms in the derived category
where the last isomorphism follows from Lemma 5.3.2.
Lemma 5.3.2. Let X ′ be a closed smooth submanifold of X. Then there is a natural quasi-isomorphism of DG gr
Proof. Note that all the terms in (5.3) are bigraded, with one grading coming from the grading of L • X , K • X ′ and Ω • X ′ , and the other coming from the grading of gr • F and gr F • . There is an isomorphism of gr
where ω X ′ /X [c](c) denotes the sheaf ω X ′ /X placed in degree −c with respect to each of the two gradings. The differential in the left-hand side of (5.4) corresponds to a differential in the right-hand side given by
The right-hand side of (5.4) has a third grading, by the degree in gr F • D X , and this differential has degree +1 with respect to it. In this way (5.4) becomes an isomorphism of DG gr
We define a morphism of DG gr
where N X/X ′ denotes the normal bundle to X ′ in X. The morphism (5.5) thus defined, commutes with the differentials since the differential in the left-hand side of (5.5) has degree +1 with respect to the grading by the degree in gr F • D X and the one in the right-hand side is zero. We claim that the morphism (5.5) is a quasi-isomorphism; it is equivalent to saying that the composition of (5.4) and (5.5) is a quasiisomorphism. To show this, it is enough to show that it is a quasiisomorphism of complexes of O X -modules.
Indeed, there is a quasi-isomorphism gr F (4.6) ) which induces the morphism
This morphism is a quasi-isomorpism as it can be represented as a composition of three isomorphisms in the derived category:
The complex on the right-hand side of (5.6) can be rewritten as
F Ω • X ′ ; (5.7) which shows, in particular, that the differential in it is zero.
It is easy to see that the composition of the morphisms (5.4) and (5.5) is equal to the composition of the morphisms (5.6) and (5.7). The composition of (5.4) and (5.5) is a morphism of DG gr • F Ω • X -gr • F Ω • X ′ bimodules and the composition of (5.6) and (5.7) is a quasi-isomorphism; hence, we have constructed a quasi-isomorphism of DG gr
Remark 5.3.3. One can show that there is a natural filtered quasiisomorphism
such that (5.3) is the corresponding graded quasi-isomorphism.
Remark 5.3.4. In fact, one could define the inverse image for FDGM directly (i.e. without making a reference to D-modules as we do here). For this purpose one views (X, Ω • X ) as a ringed space whose structure sheaf is a sheaf of FDGA. A holomorphic map of complex manifolds X ′ → X induces a morphism of ringed spaces (X ′ , Ω • X ′ ) → (X, Ω • X ). Then one defines the inverse image of FDGM by
This, however, would require careful definition of the functor ⊗ L , the tensor product in the derived category of sheaves of FDGM; once such definition of the tensor product is given, the isomorphism between the two definitions of the inverse image of FDGM (one is (5.9) and the other is Definition 5.2.1 above) can be constructed using the quasiisomorphisms (5.1) and (5.8).
Filtered constructibility and perversity
In this section we introduce the notions of filtered constructibility and filtered perversity of a FDGM over Ω • X . Filtered constructibility of a FDGM means that it is smooth along the strata in a certain very strong sense. 6.1. Smoothness. We now suppose given a smooth (i.e. submersive) map π : X → S; it induces a monomorphism of FDGA π −1 Ω • S ֒→ Ω • X . Let (M • , F • ) be a FDGM over Ω • X ; we may consider it as a FDGM over π −1 Ω • S by restriction of scalars. Definition 6.1.1. We will say that (M • , F • ) is smooth along S if the following properties are satisfied:
Remark 6.1.2. Since O T * X is faithfully flat over gr F
• D X , the last condition in the definition above is equivalent to the requirement that
Smoothness and characterictic variety. Consider T * S × S X, the pullback of T * S to X, and let pr 1 : T * S × S X → T * S and pr 2 : T * S × S X → X denote its projections. Since π is smooth, dπ t yields a closed embedding T * S × S X ֒→ T * X.
Denote by ∆ X and ∆ S the canonical one-forms on T * X and T * S respectively; it is easy to see that ∆ X T * S× S X = pr * 1 ∆ S . Lemma 6.2.1. Suppose that (M • , F • ) is smooth along S. Then
Consider the morphism
which we define as the composition of the morphism
All of these morphisms are filtered with respect to the filtrations induced by the filtration G • on σM • and the filtration gr ≥p
The spectral sequences associated with these filtered complexes all have d 0 = ∂ ⊗ id, and the morphism of the E 0 terms which corresponds to (6.2), amounts to
it is easy to see that these are isomorphisms. Hence, the morphism (6.2) is a quasi-isomorphism.
Consider the E 1 term of the same spectral sequence; calculating it on the right-hand side of (6.2), we find that it is isomorphic to 
. The cohomology of the Koszul complex is isomorphic to Tor
F Ω • S by the ideal of all elements of positive degree. The grading of the Koszul complex which comes from the grading on S • (Θ S ), corresponds to the grading of Tor • on the cohomology of the Koszul complex. The smoothness assumption implies that Tor
hence, the cohomology of the Koszul complex is annihilated by the ideal S >0 (Θ S ) (all elements of positive degree) of the symmetric algebra. As O T * S is flat over S • (Θ S ), it follows that the cohomology of the complex (pr −1
is annihilated by the ideal of the zero section T * S S ⊂ T * S. Hence, this cohomology is supported on pr −1 1 T * S S = T * S S × S X = T * X X. This cohomology is the E 2 term of the spectral sequence; it follows that the E ∞ term is also supported on T * X X, and therefore so does the cohomology of both complexes in (6.2). Together with (6.1) this completes the proof of the lemma.
6.3.
Smoothness and pullbacks. Consider a pullback diagram
with π being a smooth map; that, of course, implies that π is a smooth map too.
Proof. We need to check that the properties (1) and (2) of Definition 6.1.1 are satisfied for the FDGM f + (M • , F • ) over Ω • X ′ and the map π : X ′ → S ′ .
Apply Proposition 5.3.1:
and it is flat over π −1 gr • F Ω • S ′ . Hence, the property (1) of Definition 6.1.1 is satisfied.
We have:
it is faithfully flat over π −1 O S ′ . This is equivalent to the faithful flatness of H • σf + (M • , F • ) over π −1 O S ′ . It follows that the property (2) of Definition 6.1.1 is also satisfied. 6.4. Stratifications. A stratification S of a complex manifold X of dimension n is a filtration ∅ = X −1 ⊆ X 0 ⊆ . . . ⊆ X n−1 ⊆ X n = X of X by closed analytic subvarieties X k such that X k \ X k−1 are either empty or smooth locally closed subvarieties of X of dimension dim X k \ X k−1 = k. We will call a connected component of X k \ X k−1 a stratum and use S as generic notation for a stratum. onto the open neghborhood U ∩S of x 0 in S (i.e. an analytic submersion which restricts to the identity map on S). Such projection is not unique; it can be constructed by choosing a coordinate system z 1 , z 2 , . . . , z m in a neighborhood of x in S, and extending the functions z 1 , z 2 , . . . , z m to a neighborhood of x in X. Any such extension yields a germ of projections π. 6.6. Smoothness along a stratification. Suppose that (M • , F • ) is a FDGM on X and S is a stratification of X. Definition 6.6.1. We will say that (M • , F • ) is smooth along S if for any local projection (6.3) the restriction of (M • , F • ) to U is smooth along U ∩ S. 6.7. Filtered constructibility. Suppose that (M • , F • ) is a FDGM on X and S is a stratification of X. We define what it means for (M • , F • ) to be filtered constructible with respect to the stratification S by induction on dim X. Definition 6.7.1. We will say that (M • , F • ) is filtered constructible with respect to the stratification S if the following conditions are satisfied:
Consider any local projection (6.3) and any locally closed smooth subvariety S ′ ⊂ U∩S, and denote by f the inclusion map π −1 (S ′ ) ֒→ U. Then the FDGM f + (M • , F • ) over Ω • π −1 (S ′ ) is filtered constructible with respect to the induced stratificaion on π −1 (S ′ ). 6.8. Filtered constructibility and holonomicity. Proposition 6.8.1. Suppose that (M • , F • ) is a FDGM over Ω • X filtered constructible with respect to a stratification S of X. Then it is holonomic; in fact, SS(M • , F • ) is contained in the union of the conormal bundles to the strata of the stratification S.
Proof. Let x be a point in a stratum S, and consider any cotangent vector ξ ∈ T * x X \ (T * S X) x ; in other words, ξ is a linear functional on the vector space T x X not vanishing on T x S. Clearly, we can find a subspace V ⊂ T x X which is complementary to T x S and which lies in Ker ξ. Choose any local coordinate system z 1 , z 2 , . . . , z m on S in a small neighborhood of x, and extend the functions z 1 , z 2 , . . . , z m to a small neighborhood in X in such way that their differentials vanish on the subspace V .
According to §6.5, we get a local projection π : U → U ∩S (6.3), and it is easy to see that Ker d x π = V . Since V ⊂ Ker ξ, it follows that ξ lies in the image of (d x π) t : T * x S → T * x X. It follows then from Lemma 6.2.1 and the definition of filtered constructibility that ξ / ∈ SS(M • , F • ). Definition 6.9.1. We will say that (M • , F • ) is filtered perverse if it satisfies the following properties:
Let S ′ = {x}, let X ′ = π −1 (S ′ ) and let f : X ′ ֒→ X denote the inclusion map. Let c = codim S S ′ = − dim f . Then
where ω X ′ /X [c](c) denotes the sheaf ω X ′ /X placed in degree −c with respect to both the grading that comes from the grading of M • and the grading in gr F • (we denote the shift with respect to the grading of M • by [c], and the shift with respect to the grading in gr F • by (c)cf. (5.4)). By smoothness
By the definitions of filtered constructibility and perversity f + (M • , F • )[−⌋] is filtered constructible and filtered perverse, and by the inductive assumption
for p = 0. It follows from (7.1) and (7.2) that H p gr F • DR −1 X (M • , F • )⊗ O S ω S ′ /S (⌋) = ′ for p = 0; equivalently, this means that
/m x = 0 for p = 0, where m x denotes the maximal ideal of the point x. The faithful flatness implies that the stalk at x of the sheaf H p gr F • DR −1 X (M • , F • ) vanishes; this completes the proof in this case.
Suppose now that x belongs to the zero dimensional stratum. Let j : X \ {x} ֒→ X denote the inclusion map. By induction on the codimension of the stratum we may assume that H p j −1 gr F • DR −1 X (M • , F • ) = ′ for p = 0. Since j * is left exact we have
. By the definition of filtered perversity we have H p gr • F C = 0 for p < 0. The spectral sequence
with the filtration G • on gr F • DR −1 X C shows that H p gr F • DR −1 X C = 0 for p < 0. Since the functor gr F • DR −1 X is exact and commutes with j * j −1 there is a distinguished triangle
Consideration of the long exact sequence in cohomology shows that
By the definition of filtered perversity we have H p gr • F M • = ′ for p > 0. The spectral sequence
8. An application to L 2 cohomology
In this section we give an application to our results and show that in the situation of [KK2] there is a local filtered isomorphism (in the sense of derived category) between the L 2 complex and the de Rham complex of the D-module that underlies the pure Hodge module of M. Saito.
8.1. Let X denote a Kähler manifold of dimension n, let j : 
X. Let (A •
(2) (E), F • ) denote the L 2 -complex with coefficients in E constructed using the Hodge inner product in the fibers of E and a certain complete metric η on • X as in [KK2] ; to keep up with our degree conventions, we shall assume that the grading of (A • (2) (E), F • ) is chosen in such way that A i (2) (E) contains forms of degree i + n. As the metric η satisfies η > Cη X where η X is the metric on X and C a suitable positive constant, the holomorphic forms on X are bounded in the pointwise norm with respect to η and the L 2 -complex has a natural structure of a FDGM over Ω • X . We shall assume here that (A •
(2) (E), F • ) is filtered constructible and filtered perverse. By Theorem 7.1.1 this implies that the complex DR −1 (A •
(2) (E), F • ) is strict and isomorphic in the filtered derived category to its zeroeth cohomology with the induced filtration.
Both complexes of global sections Γ(X, A • (2) (E)) and Γ(X, DR(M)) are strict ([KK2], [S1]), and their cohomology have pure Hodge structures. Their cohomology groups are isomorphic ([KK2]) together with the Hodge filtrations ([S2], p. 294). Here we strengthen these results and show (by an application of Theorem 7.1.1) the isomorphism on the level of sheaves, in the appropriate filtered derived categories: Proof. Our method is a variation of Remark 3.15 of [S2] and, in fact, goes back to the "sandwich method" of [KK1] .
There is a morphism in DF(Ω • X )
(see [S2] , (3.15.3) , and [KK2] ) with the following properties: Consider the composition of (8.3), the transpose of (8.2) and the inverse of (8.4):
it gives the right inverse to (8.2) as the composition of (8.2) with (8.5)
is equal to the identity morphism on • X and hence, everywhere on X. Hence, (M, F • ) is a direct summand of DR −1 (A •
(2) (E), F • ) in DF(D X ):
The second summand (N • , F • ) is strict as a retract of the strict complex DR −1 (A • (2) (E), F • ); on the other hand, after forgetting the filtration it becomes acyclic since (8.2) is an isomorphism in D(D X ). Hence, (N • , F • ) is filtered acyclic, and (8.2) is an isomorphism in DF(D X ). 
